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I We find analytical solutions describing the collapse of an infinitely long cylindrical shell 

^ , of counter-rotating dust. We show that — for the classes of solutions discussed herein — 

from regular initial data a curvature singularity inevitably develops, and no apparent 
' horizons form, thus in accord with the spirit of the hoop conjecture. 
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1. Introduction 



One of the outstanding issues of general relativity is that of the final state of gravit 
d \ tional collapse. Understandably, much has been written about spherical collapse EJ, 

but comparatively less is known about non-spherical geometries. Thome's seminal 
analysis of cylindrical collapse □ led him to formulate the hoop conjecture, which 
essentially states that horizons form when and only when the gravitational mass 
of the system is confined within a maximum "circumference" in every direction u. 
Subsequent numerical analyses of prolate and oblate collapse @, and of gravita- 
tional radiation emission in aspherical collapse □ were unable to refute Thome's 
conjecture. 

One of the best studied non-spherical cases is that of an infinite cylindrical 
shell of counter-rotating dust. A detailed analysis by Apostolatos and Thorne i, 
using C-energy balance arguments for sequences of momentarily static radiation 
free configurations, showed that collapse is halted by an infinitesimal amount of 
counter- rotation (and very likely, also by infinitesimally small net rotation); no 
horizons, nor curvature singularities form. A subsequent, more detailed analysis, of 
the non-rotating dust case, confirmed the non-occurrence of horizons @. 
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All of the analyses mentioned above resorted to balance arguments and/or an- 
alytical approximations for the late stages of collapse, which is highly relativistic, 
and can thus be well modeled by the collapse of a null fluid. As far as we can ascer- 
tain, the first analytical, exact, fully dynamical solution is the one given recently 
by Pereira and Wang (PW), who studied the case of an infinite cylindrical shell 
of counter- rotating dust, with a Minkowski interior and an outgoing null fluid ex- 
terior 13. By resorting to one simplifying ansatz, PW obtained analytical solutions 
that describe the implosion of the shell, leading to a ceiitral curvature singular- 
ity. PW presented these solutions, but did not analyze 113 the following aspects, 
which are crucial for the issue of cosmic censorship: (i) regularity of (and inherent 
constraints on) the initial data; (ii) existence, or otherwise, of trapped surfaces in 
the spacetime, and in particular on the initial spacelike slice; (iii) satisfaction of 
energy conditions by the stress-energy tensor on the shell. In this paper, we per- 
form such an analysis, thereby establishing the regularity of the initial data and 
physical reasonability conditions. Our results show that generic regular initial data 
can be specified, there are no trapped surfaces in the spacetime, and a curvature 
line-like singularity forms. This is in accord with the spirit of the hoop conjecture, 
but provides an example of a naked (at least locally) singularity. 

Geometrized units, in which 8nG = c = 1, are used throughout. 



2. Cylindrical thin shell of counter-rotating dust 

The model consists of an infinite cylindrical thin shell S, joining a Minkowski 
interior (with coordinates {x'^} = {t, r, z, (j)}), to an exterior spacetime metric (with 
coordinates {x'^} = {T, R, z, 0}) describing an outgoing null fluid: 

dsl=dt^ -dr^ -dz^ -r^d(f)^, (1) 
dsl = e-^^^\dT^ -dR^)~ dz^ - R^dcti^, (2) 

where ^ = T—R. The exterior stress-energy tensor is = {db/ d£^)R~^k^k^^ where 
is the generator of outgoing radial null geodesies: 

/c^==-i=(l, -1,0,0). (3) 

On S, where intrinsic coordinates {^°} = {r, z, 0} are defined, the 3-metric ^ab is 
obtained by continuity of the interior and exterior metrics across S, giving: 

ds+ = dr^ - dz^ - R^{T)d(f>^ , (4) 

dT = - r'^dt = e-''(«°)/y 1 - i?(,2dr, (5) 

where the prime denotes ordinary differentiation with respect to the argument; 
ro(t) = Ro{T) defines the sheU, and = ^ - Rq{T). It then follows that 

[^)' -R'S + <^^'''"\^-Ro)^^- (6) 
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The extrinsic curvature, K^i^, is given by 



Kab^ 



= —n,, ^ 4- V a ^ 



(7) 



where is the unit-normal to E. On the sheU, the field equations reduce to the 
Darmois-Israel junction conditions, 



Sab = [Kab] - lab[K] 



(8) 



where [Kab] = K^i, — K^^, [K] = '-f°-''[Kab], and Sab is the stress-energy tensor on 
the shell: 

Sab = pS:Sl + v.M^l + V4>^t^t^ (9) 

where p, "Pzi and »^ are the surface density, and principal pressures, respectively, 
and are given by Ii3 



=6/2 



P = 



i?0Al/2yr3i?72 

eb/2 



Al/2(l„i?^2)3/2 
x(l-<)(^l/2_^,) 

Vz=V4>- P- 



(A-Ki?[,2)_ Ai/2(i + i?^2y 



<(Ai/2-i) + ^(l-i?^,) 



(10) 

(11) 

(12) 



Since all the Darmois-Israel junction conditions and field equations were used to 
derive these equations, they constitute a complete set. Following we set = 
=^ p = p0, which gives: 



i?o - (1 - -R?) 



AV^-i?-^ y(AV^-i?-) 
i?o 2(AV2_i) 



(13) 



We now solve this equation by resorting to a similar ansatz of that used in which 
consists in isolating the 5(^o) dependent part, solving first for Ro{T), and then for 
b{£,o). In what follows, we shall consider two classes of solutions. 



2.1. Class I solutions 

Denoting 

Ro 2(Ai/2_i) ^0^' 

we set (3 = const., and look for solutions of the equation 

R'^ = P{l-R'o'). 



(14) 



(15) 



Once we obtain Ro{T), we can then solve Eq. (14) for 6, thereby completing the 
solution. 
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Initial data consists of two arbitrary functions, giving the initial velocity profile 
i?g(0), and the initial radius Ro{0) of the shell. Provided Ro{T) G C^, the metric 
is regular (i.e., at least C^) on St=o, and, by virtue of Eq. (|l5|), it will also be 
regular in the domain of dependence of the initial slice. As we shall see below, 
R{){T) G C°°([0, +00)), and thus generic regular initial data is always specifiable. 
We remark that, for the adopted /3 = const, ansatz, the dynamics is uniquely 



determined from Eq. (15), for a given value of /3. However, to show that the field 
equations admit a complete self-consistent solution, one must also prove that Eq. 
( P^l) admits a unique analytic solution, for given initial data. This is explicitly 
checked below. 



Equation (^_5|) has the general solution 

i?o(T) = i ln[cosh(ci) cosh(/3T) + sinh(ci) sinh(/3T)] + C2, (16) 

where ci and C2 are integration constants, which are fixed by the initial data for 
the shell, via 

-Ro(O) = ^ln(coshci)+C2, (17) 

i?^(0) = -/32tanh(ci). (18) 

Without loss of generality, we consider here the case of time-symmetric initial data: 
R'o{0) = 0. This implies 

ci = 0, i?o(0)-C2, i?^'(0) = /3 < 0, (19) 

where the last inequality is required for implosion. The relevant equations are then 

Ro (T) = i ln(cosh(/?T) ) + c^, (20) 

P 

R'oiT) = tanh(/3T). (21) 
A curvature singularity will form at T ^T^, given by R{Tc) = 0: 

Tc - ^ ln(l - yi^^) - C2, (22) 

which is positive definite, since /3c2 < 0. 

Having obtained Ra{T) in closed form, we now turn to the existence and unique- 
ness of the solution to Eq. (|l|). This equation is of the form b'{T-R) = /(&, i?(T)). 
On the shell, this becomes b'{T - Ro{T)) = f{b,RoiT)). We now use the identity 
db/dT = b' X (1 — i?^), to rewrite Eq. ( p^ ) in the canonical form 

^ = {l-R'o)f{b,Ro{T))=F{b,T), (23) 

where the explicit Rq dependence has been absorbed in F, upon substitution for 
Ro{T). From the theory of ordinary differential equations, the solution of the first- 
order ODE db/dT = F{b, T) exists and it is unique provided F e C° and {dF/db) G 
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Ei. In our case, we have 

X-tanh2(/3T) 



F{b,T) = -2C 



/3-iln(cosh(/3r)) +C2 



(24) 



X = y^tanh2(/3r) + e-Vcosh2(/3T), (25) 
^= X-tanh(/3T)- ^^^^ 



This function has a singular point at T = = Z?"^ ln(e'="'' ± V^^^^^~l), which 
is complex, since C2/3 < 0; hence, F g , VT g R, as desired. Now, taking the 
partial derivative of F with respect to 5, we have: 

OF Ce-'/ cosh^pT) bF fl ( \ ^^7) 



db x[/3-iln(cosh(/3T)) + C2] 2 Vx X-1 
For arbitrary T, this function has a singular point at 

6 = fes--lnf-i[e2''^-l]^V2/3r, (28) 



which is undefined, since the logarithmic argument is manifestly negative; hence, 
F is with respect to b, as desired. Therefore, Eq. ( pH ) admits a unique analytic 
solution. 

We now turn to the issue of physical reasonability of the initial data. The weak 
energy condition (WEC) requires p > and p + > 0. From Eqs. (|l^), (|l^), and 
dl^), this implies 

6 < 0. (29) 

Since p = p^, the WEC implies the strong energy condition (SEC), whereby the 
requirement > is automatically satisfied. By numerically solving Eq. (^3|), one 
can show that, for given initial data, {/3, C2}, it is always possible to choose 6(0) < 0, 
such that b{T) < 0,VT £ [0,Tc]. An explicit example is given below. 




Fig. 1. Time evolution of the function b{T — Ro{T)), for the initial data set {/3 = — 1/2, C2 = 
2,b(0) = -3}. For these data, Tc = 3.31491, and b(T^) = -0.184426. 
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Let us now examine the existence of trapped surfaces. The interior metric is 
fiat, so it cannot contain trapped surfaces O. We look for trapped surfaces in 
the spacetime exterior to the shell, and for S itself; we note that the absence of 
trapped surfaces in the exterior geometry does not guarantee the same will hold for 
the shell, since the expansion of null geodesic congruences, 6 :— ^f^k'^, may have 
a (vanishing) minimum on S. From Eqs. (^, (|4|), we obtain 

e^—[R'„S{R-R„) + l], (30) 
H 

where S{x—xq) is a Dirac-delta. It immediately follows that in the exterior spacetime 
> 0, and therefore trapped surfaces can never form. On the shell, the condition 
for trapped surfaces is i?Q = —1. From Eq. (^l|), we have R'q e (—1,0], which implies 
that the shell will never become trapped either. 

Summarizing, we have obtained a class of solutions which admit generic regular 
initial data, are free of trapped surfaces, obey the WEC and SEC, and describe the 
implosion of an infinite cylindrical shell to a line-like singularity, given by the set 
of events (Tc, 0, z, 0). 



2.2. Class II solutions 



We now define 



/3 



Ai/2 



n'2 
Rq 



2(Ai/2 _ 1) 



-Ro(l - Rq, 



Taking (3 = const., we then solve for 



^0 " — ^ P' 

Kq 



(31) 



(32) 



which can be rewritten as 

z" = /3(/3 + l)z('3-i)/(/5+i), (33) 

where Rq = z^/^^~^^\ Again, we shall consider time-symmetric initial data, R'^{T = 
0) = ^ z'{T = 0) = 0. For implosion we need R'^{T = 0) < which implies 
z" < and /3 > -1, or z" > and /3 < -1. From Eq. ^ it follows that 



the latter condition cannot be satisfied, and hence we must have z"{T = 0) < 



and — 1 < /3 < 0. For general /?, the solution of Eq. ( |33[ ) is given in terms of 
transcendental functions, but classes of simple analytical solutions can be found for 
specific values of /3. As an example, we consider here the case f3 = —1/2. This leads 
to the solution 



^o(T)-^[l-4C2(r 



(34) 



where C'l and C2 are constants of integration. The choice of time-symmetric initial 
data fixes C2 = 0, which gives 

1 - iCfT^ 



RoiT) 



4Ci 



(35) 
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The singularity forms at 

= ^ - 2i?o(0). (36) 

As expected, the time for formation of the singularity is an increasing function of 
the initial size of the shell. 

The function b is obtained from Eqs. ( |3l| ) and (|35|), via: 

(Ai/2_2CiT)(l~4C2T2)2 • ^ ^ 

A similar analysis to the one for class I shows that the solution to this first-order 
ODE for b exists and is unique. As before, both the WEC and SEC are satisfied 
provided b < 0. 

The equation governing trapped surfaces is, using Eqs. (|3^) and (^5|), 

4Ci e^(«) 

which is positive definite for T > 0; there are no trapped surfaces in the spacetime. 

Class II solutions constitute another example of spacetimes that admit regular 
initial data, no trapped surfaces, obey the WEC and SEC, and lead to a curvature 
singularity in a finite amount of time T = Tc- 



3. Concluding remarks 

We have explicitly obtained analytical solutions describing the implosion of an 
infinite cylindrical shell of counter-rotating dust, which results in the formation 
of a line-like curvature singularity, without the formation of apparent horizons. 
These results provide thus further evidence in favor of the hoop conjecture, but are 
markedly different from previous well-known results for cylindrical counter-rotating 
dust collapse u^eI, which show that collapse is halted by an arbitrarily small amount 
of counter-rotation, whereby the formation of a curvature singularity is prevented. 
We speculate that this qualitative difference is due to the matter model adopted for 
the interior and exterior spacetimes, since the metric on the shell — and hence its 
dynamics — is uniquely determined from the metrics on the matching spacetimes. 
In i, a vacuum interior and exterior, containing cylindrical waves, was adopted, 
whereas the model considered here contains a flat interior and a null fluid exterior. 

We point out that, whereas the outgoing null fluid is a reasonable model for the 
mass loss due to the emission of massless particles and/or gravitational waves at 
the late stages of collapse, it fails to provide a realistic description for the actual 
gravitational radiation emission that results from the inward accelerated motion of 
the shell, since it contains an ad hoc functional form for the energy flux (modeled 
by the function 6), which does not arise dynamically from the time evolution of 
S. It is therefore conceivable that a more realistic model, wherein the emission of 
gravitational radiation is computed directly from the shell motion (e.g., by consid- 
ering a vacuum spacetime with Einstein- Rosen waves) , will yield the results of B, 
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which were obtained based on balance arguments for sequences of momentarily 
static radiation free (MSRFlconfigurations Il3. This expectation has been recently 
backed up by the results of 113. A fullv dynamical evolution EZl, and an analysis of 
horizon formation via global methods Es, which do not resort to sequences of MSRF 
configurations nor C-energy balance arguments, are currently being attempted. 
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